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A B S T R A C T  

The Banach space £~ (Wl) is the space of bounded Wl-sequences of count- 
able support. A pointwise-closed subspace V < £~(Wl) will be called 
unbounded if {min(supp(v)): v e V} is unbounded in Wl. It is shown 
that there are Lipsbitz functions f:  Sph(t~(wl)) -+ R which have large 
variation on the unit sphere of any unbounded subspace. This answers a 
question implicit in Partlngton [P 80]. 

1. I n t r o d u c t i o n  

Par t ing ton  [P 80] has studied equivalent norms on various subspaces of the Ba- 

nach space ~ (Wl) of bounded real valued functions on wl. In part icular  he was 

able to prove a s t rong theorem for the space i~(Wl)  of bounded  functions of 

countable  suppor t  on Wl with the supremum norm. A sequence of unit  vectors 

(x~: ~ < wl) in ~ ( W l )  will be called s u c c e s s i v e  if for all ~ < /~  < Wl we have 

sup(supp(x~))  < min(supp(x~)) .  

THEOREM 1 (Par t ington [P 80]): Let  II1.111 be a norm on ~ @ d l )  which is equiv- 

alent to the  s u p r e m u m  norm I1.11. There is a successive sequence (xa: c~ < wl} 

o f  vectors x~  E Sph(£C(wl))  and a real number  K > 0 such that  the  m a p  

T: (e (wl),ll.ll) wh ich  takes  the  vector  v = to 

K ~ vax~  is an isometry.  

It  is then natural  to ask about  the stability of Lipschitz functions on Sph 

( ~  (wl)). We will call a pointwise-closed subspace V _~ £~(wl)  an u n b o u n d e d  

subspace of £~(wl)  if {min(supp(v)):  v e V} is unbounded  in Wl. The  main  

purpose of  this paper  is to construct  Lipschitz functions on Sph(£C(Wl)) which 

have large variat ion on the unit  sphere of any unbounded subspace of £~(Wl). 
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THEOREM 2: There  is a Lipschitz function f: Sph(gC(wl))  --+ R such that for 

ali unbounded subspaces V < g~(wl) we have 

sup[ I f (v  ) - f ( u ) l :  u,v E Sph(V)] = 1. 

In fact we shall const ruct  uncountab ly  m a n y  such functions each of which is 

far from any other.  

2. T h e  s p a c e  g~(wl )  

We shall wri te  

goo(wl) = {f :  wl --+ R: sup ( l f ( a ) l :  a < col) < oo}, 

We define 

gc(Wl)  = { f  • e~(Wl):  c a rd ( supp ( f ) )  _< Ro}. 

T h e  sup no rm on £~(wl )  is wr i t ten  ]].1] and is easily seen to make g~ (wl )  into a 

Banach  space. 

3. U n b o u n d e d  s u b s p a c e s  

Suppose  t ha t  <x~: a < wl) is a successive sequence. Let As E R for a < wl 

be  a sequence of real numbers .  The  formal  sum v = ~-~.~ A~x~ is the  funct ion 

v: wl -+ ]~ such t ha t  

{Aax~( f l ) ,  f l • s u p p ( x a ) ;  
v(fl) = 0 fl ~ (.Jasupp(xa)" 

We will wri te V((xa)) for the  set of formal  sums v = ~-~.a Aaxa which are in 

g ~  (wl). We now make  the following observations: 

PROPOSITION 1: 

1. If<x~: a < coi} is a sequence of successive vectors in e~(wl ) ,  then V((x~}) 

is an unbounded subspace of  f ~  (col). 

2. Let  V < £~o(wl) be an unbounded subspace o f f , ( w 1 ) .  There is a successive 

sequence <xo~>(X~Wl such that V(<xog>) ~ V, 
3. If <xc~: a < co1> is a successive sequence, then V(<xa}) is isometric to 

e% ). 
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4. S t a t i o n a r y  s e t s  in  wl 

A set S C_ wl is called s t a t i o n a r y  if it meets  every closed unbounded  subset  of 

Wl. We wri te  l im for the set of countable limit ordinals. 

We shall need the following fact concerning s ta t ionary  sets. 

PROPOSITION 2 (Ulam, see Kunen  [K 80]): There is a family  {S¢: ~ < wl } of  

pairwise disjoint stationary sets, S¢ _C co 1 n lim. 

5. P r o o f s  o f  t h e  r e s u l t s  

The  proof  of Theo rem 2 is based on the following lemma.  I t  says t ha t  there 

is a large family of subsets  of Sph(g~(wl ) )  all of which meet  the unit  sphere 

of every unbounded  subspace Y < ~ ( w l ) .  If A , B  C_ S p h ( ~ ( W l ) ) ,  we write 

d(A ,B)  = i n f ( I ] u -  vii: u e A and v e B). 

LEMMA 1: There is a sequence .4¢ C Sph(~C(Wl)),  ~ < wl such that: 

1. For  all ~ # C', the distance, d(.4¢,.4¢,) = 1. 

2. For all successive sequences (x~: a < w J  and  for all < < wl we have 

.4¢ n V((x~)) # O. 

If ~ c Sph(~o(~)) is ~ unit vector in ~L(~) write limsupO,) : I if, for all 

< sup(supp(~)), then sup(l~(~)l: ~ > a) = I. 

For each • < Wl, define 

A¢ = {v e Sph(g~(Wl)):  l imsup(v)  = 1 and sup(supp(v))  • S¢ }. 

Thus,  for instance,  if a • S¢, then 1~ = ~ Z < ~  • `4¢" 

Proof of Lemma 1: We will show tha t  the sets `4< described above satisfy 

T h e o r e m  1. 

We first check tha t  if ~ # ~' then d(`4<,`4<,) = 1. To this end, let u • .4¢ and 

v • A¢,. Let  a = sup(supp(u))  • S¢ and/3  = sup(supp(~))  • S¢,. 

We may  suppose  tha t  ~ < h, in which case u I (c~,/3) = 0. However, v E A¢, 

and so l imsup(v)  = 1. Thus,  sup([v(6)l: 6 > c~) = 1 and so lIv [ (ch/3)ll = 1. 

This  means  t ha t  d(u, v) > 1 and so d(A¢, A¢,) 

Let  # 6 S¢ and v 6 S¢,. Then  u : 1~ 

addit ion,  d(u,v) = 1 and thus d(A¢,`4¢,) < 

vious observat ions  we see tha t  d(A¢, .4¢,) = 1. 

>1. 
E `4¢ and v = 1, 6 .4¢,. In 

1. Combining this and the pre- 

Let  {x~: a < wl) be successive. Consider the set 

X = { E  xa : /3  6 lim} C V((xa)).  
a<fl 
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We first observe that  if v E X,  then l imsup(v) = 1. 

Let 7-~ = s u p ( s u p p ( ~ < Z  x~)). The sequence ~ = (rS)~<~ 1 is thus strictly 

increasing. To complete the proof of Lemma 1, it is enough to show that  the 

sequence ~ is closed in Wl (it is clearly unbounded). For then, for all ¢ < Wl we 

will have S¢ N ~ ~ ~. Let rZ E ~ n S¢. The vector x = ~ < Z  x~ then satisfies 

l imsup(x) = 1 and sup(supp(x)) E S¢ and so x E S¢. To see that  ~ is closed, 

let c~0 < a l  < "-" be a strictly increasing sequence of countable ordinals. Let 

a = supn(an ). Thus a E lim. Clearly r~ E sup(r~,) .  Now let 5 < c~. There is 

< c~ such that  sup(supp(xz)) > 5. Because/~ < a there is n such that  an _>/3, 

in which case ram = sup(supp(xa, ) )  > 5. Clearly for every n, T~ is at least Ta,. 

Thus ra = s u p ( r ~ )  and this is enough to show that  ¢ is indeed closed. I 

We may now complete the proof of Theorem 2. 

Proof of Theorem 2: Let ¢ < Wl be a countable ordinal. Define re: Sph(g~(Wl)) 

-+ R by the equation re(v) = d({v},A¢). The functions f¢ are Lipschitz with 

constant 1. 
Let ~ ~ ~' be distinct ordinals in wl and V 5 £c(wl)  be an unbounded 

subspace. By Proposition 1.2, there is successive sequence {x~: a < Wl) such that  

V({x~}) C_ Y. By Lemma 1, AcASph(V((x~}) )  ~ ~ and .4¢, nSph(V({x~})) ¢ 0. 

But, we also know from Lemma 1 that  d(A¢,A¢,) = 1. Thus 

sup[ I r e (u )  - f¢ (v) l :  u, v E Sph(V) ]  _> 1. I 
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